Abstract-This paper is adaptedf" a book and many scholarly articles. It reviews the main ideas of a novel theory for the assessment of a student's knowledge in a topic and gives details on a pmctical implementation in the form of a software system available on the Internet. The basic concept of the theory is the 'knowledge state,' which i s the complete set of problems that a n individual i s capable of solving in a particular topic, such as Elementary Algebm. The task of the assessor consists in uncovering the particular state of the student being assessed. Even though the number of knowledge states for a topic may ezceed several hundred thousand, these large numbers are well within the capacity of current home or school computers. The result of an assessment consists in two short lists ofproblems which may be labelled:
itate. In other words, for an academic endeavor to be called a 'science,' it had to resemble physics in critical ways. In particular, its basic observations had to be quantified in t e r m of measurement scales in the exact sense of classical physics. Such a position, which equates precision with the use of numbers, was not on the whole beneficial to the develop ment of mature sciences outside of physics. It certainly bad a costly impact on the assessment of mental traits.
For instance, for the sake of scientific precision, the as- forms as the S.A.T.,', the G.R.E. (Graduate Record Examination) and other similar tests. The ubiquitous I.$. test is of course part of the list. In the minds of those nineteenth century scientists and their followers, the numerical measurement of mental traits was to be a prelude to the establishment of sound, predictive scientific theories in the spirit of those used so successfully in classical physics. The planned constructions, however, never went much beyond the measurement stage.
More generally, in many scientific areas, from chemistry to biology and especially the behavioral sciences, t h w ries must often be built on a very different footing than that of classical physics. Evidently, the standard physical scales such as length, time, mass or energy, must be used in measuring aspects of phenomena. But the substrate proper to these other sciences may very well he, in most cases, of a fundamentally different nature.
Of course, we are enjoying the benefits of hindsight. In all fairness, there were important mitigating circumstances affecting those who upheld the cause of numerical measurement as a prerequisite to science. For one thing, the appropriate mathematical tools were not yet available to support different conceptions. Combinatorics, for example, was yet to he born as a mathematical topic. More importantly, the 'Analytical Engine' of Charles Babbage was still a dream, and close to another century had to pass before the appearance of computing machines capable of handling the symbolic manipulations that would he required for another approach.
The theory reviewed here represents a sharp departure from other approaches to the assessment of knowledge.
Its mathematics is in the spirit of current research in combinatorics. No attempt is made to obtain a numerical representation. We start from the concept of a possibly large hut essentially discrete set of 'units of knowledge.' In the ease of Elementary Algebra, for instance, one such unit might be a particular type of algebra problem. The full domain for High School Algebra may contain a couple of hundred such problems. Our two key concepts are the 'knowledge state,' a particular set of problems that some individual is capable of solving correctly, and the 'knowledge structure,' which is a distinguished collection of knowledge states. For High School Algebra, a useful knowledge structure may contain several hundred thousand feasible knowledge states. Thus, precision is achieved hy the intricacy of the representing structure.
KNOWLEDGE STRUCTURES
The precedence relation. A natural starting point for an assessment theory stems from the observation that some pieces of knowledge normally precede, in time, other pieces of knowledge. In our context, some algebra problem may be solvable by a student only if some other problems have already been mastered hy that student. This may be because some prerequisites are required to master a problem, but may also he due to historical or other circumstances. For example, in a given environment, some concepts are always taught in a particular order, even though there may be no logical or pedagogical reason to do so. Whatever its genesis may be, this precedence relation may be used to design an efficient assessment mechanism.
A simple example of a precedence relation between problems is illustrated by Fig. 1 , which displays a plausible precedence diagram pertaining to the six types of algebra problems described in Table 1 . Note in passing that we distinguish between a type of problem and an instance of that type. Thus, a type of problem is an abstract formulation subsuming a possibly large class of instances. For the rest of this article, 'problem' is almost always intended to mean 'problem type.' The exceptions will be apparent from the context. Table 1 .
The precedence relation between problem is symbolized by the downward arrows. For example, Problem (e) is preceded hy Problems (b), (e) and (a). In other words, the mastery of Problem (e) implies that of (b), (c) and (a). In the case of these six problems, the precedence relation proposed hy the diagram of Fig. 1 is a credible one. For example, if a student responds correctly to an instance of Problem (f), it is highly plausible that the same student has also mastered the other five problems. Note that this particular precedence relation is part of a much bigger one, representing a comprehensive coverage of all of Beginning Algebra, starting with the solution of simple linear equations and ending with problem types such as (f) in Table 1 . An example of such a larger precedence relation is represented by the diagram of For concreteness, we consider a particular situation in which the assessment is computer driven and the problems are presented on a monitor, via the Internet. All the virtual tools needed for providing the answers t o the test-pencil, ruler, graphical displays, calculators of va,rious kinds when deemed necessary-are part of the interface. In the course of a tutorial, the testees have been familiarized with these tools. In Problems (b) and (e), a coordinate plane is displayed on the computer monitor as part of the question. The pencil and, for Problem (e), also the ruler, are provided. In this problem, the student must graph the line using the virtual pencil and ruler. We also suppose that all the problems have open responses (i.e. no multiple choice), and that 'lucky guesses' are unlikely. (Careless errors are always possible, of course, and a clever assessment procedure has to guard against them.)
We postpone for the moment the discussion of how to construct a d i d precedence diagram for a realistically large problem set. (For example, how was the precedence diagram of Fig. 3 obtained? ) This question and other critical ones are considered later on in this article. For the time being, we focus on the miniature example of Table 1 which we use to introduce and illustrate the basic ideas.
The knowledge states. The precedence diagram of T h e learning paths. This knowledge structure allows several learning paths. Starting from the naive state 0, the full mastery of state abcdef can be achieved by mastering first a, and then successively the other problems in the order b ct c ct d ct e tt f. But there are other possible ways to learn. All in all, as is easily verified, there are 6 possible learning paths consistent with the knowledge structure li, which are displayed in Fig. 2 . In realistic knowledge structures such as those for Arithmetic or Elementary Algebra, the numbers of feasible knowledge states and of learning paths become very large. In the case of Beginning Algebra, whose precedence diagram was given in Fig. 3 , there are around 60,000 knowledge states and literally billions of feasible learning paths. These numbers may be puzzling. Where is the diversity coming from? After all, these mathematical subjects are highly structured and typically taught in roughly the same sequence. However, even though the school curriculum may be more or less standard, learning the material, and also forgetting it, follows their own haphazard course. Besides, 60,000 states form but a minute fraction of the 2." possible subsets of the set of 88
problems. In any event, it is clear that, even in a highly structured mathematical topic, an accurate assessment of knowledge involves sorting out a considerable array of possibilities. Fig. 3 . Diagram of the precedence relation for Beginning Algebra. The vertices marked a-f refer to Problems (a)-(f) of Fig. 1 , whose diagram may be inferred from the one above.
The outer and inner fringes of a knowlegde state. As suggested by the precedence diagram of Fig. 3 Thus, we can use the two fringes as the main building blocks of the 'navigation tool' of the system, with the outer fringes directing the progress, and the inner fringes monitoring temporary retreats, and making them profitable.
Interestingly, the fringes also play a less obvious, hut equally important role in summarizing the results of an assessment. A knowledge state is essentially a list of all the problems mastered by a student at the time of an assessment. Such a list will often be unwieldy and contain several dozen problem names, not a very convenient d e scription. It can be shown mathematically, however, that for the most useful kinds of knowledge structures, the two fringes suffice to specify the knowledge state completely (see Theorem 2.8(v) in [Z]). In other words, the result of an assessment can be given in the form of two short lists, one for the inner fringe (WHAT THE STUDENT CAN DO, which is understood here as the most sophisticated problems in the student's state), and one for the outer fringe (WHAT THE STUDENT IS READY TO LEARN). Experience with realistic knowledge structures in school mathematics has shown that these two lists together will contain on average 11 problems, enabling a very compact and faithful presentation of the result of an assessment. Table 2 contains a typical example of the two fringes of a knowledge state in arithmetic, which is that of an actual student currently using the system in a middle school. Taken together, the two fringes amount to 9 problems, which together suffice to specify the 80 problems of that student's state. The economy is startling. be inferred exactly from the responses to a complete collection of questions of the type 4 1 .
In the case of the precedence diagram of Fig 1, the mas- tery of problem e, for instance, implies that of a single minimum set of precedent problems, namely a, b and c. In other words, all learning paths in Fig. 2 progress through these three problems before reaching e. There are important cases, however, in which the mastery of a problem may be achieved via anyone of several distinct minimum sets of precedent problems. Such structures, which generalize those that can he represented by precedence diagrams, are called knowledge spaces. They are derived from the responses to the collection of more difficult questions of the following type:
Qz. SUPPOSE THAT A STUDENT HAS NOT MASTERED ERTHELESS SOLVE PROBLEM p'?
PROBLEMS pl? pz, . . . , pn. COULD THIS STUDENT NEVIn practice, not all questions of type Q1 or QZ must be asked because, in many cases, responses to some questions can be inferred from responses to other questions. For typical knowledge structures encountered in education, an expert may be required to respond to a few thousand questions to get a complete description of all the knowledge states.
By interviewing several experts and combining their answers, one can build a knowledge structure which reflects their consensual view of the field. This alone does not guarantee the validity of the knowledge structure, that is, the agreement between the states in the structure and the actual states in the student population. Actual student data are also needed. With an Internet based, largely distributed assessment system such as the one discussed here, data from several thousand users can be collected in the span of a year, providing a bounty of information. Such data can be used to refine a knowledge structure obtained from experts' judgments via the questions of type Q1 or Q2. To begin with, states occurring rarely or not at all in the empirical applications can be deleted from the howledge structure. More importantly, the accuracy of the structure can be evaluated by the following probe, and corrected if necessary. In most assessments, an extra problem p* is added to the questioning, which is not used in the choice of the final knowledge state K representing the student. Using K, one can predict the student answer to p' which should be correct if p' is in K-xcept for careless errors-and false otherwise. In the knowledge structure for Beginning Algebra for example, as it is used by students today, the correlation between predicted and observed answers hovers between .7 and .8, depending on the sample of students. These high values actually underestimate the accuracy of the structure: a student having mastered some problem p' contained in his or her knowledge state may nevertheless make a careless error in solving it. This correlation index is a powerful statistical tool continuously monitoring the validity of the knowledge structure, pointing to weaknesses, and evaluating the corrections prompted hy some earlier analysis.
UNCOVERING A KNOWLEDGE STATE IN A KNOWLEDGE STRUCTURE
Suppose that a satisfactory knowledge structure has been obtained. The task of the assessment is to uncover, by efficient questioning, the knowledge state of a particular student under examination. The situation is similar to that of adaptive testing-i.e. the computerized forms of the S.A.T. and the like-with the critical difference that the outcome of the assessment here is a knowledge state, rather than a numerical estimate of a student's competence in the topic.
The assessment procedures available all pertain to the sequential scheme outlined in Fig. 4 , the application of which ends up with the selection of one state as the most plausible one for the student being assessed.
In this article, we only mention one particular assessment procedure in which the plausibility of a state is its current likelihood, based on all the information accumulated so far. At the outset of the assessment (trial 1 of the procedure), each of the knowledge states is assigned a certain a priori likelihood, which may depend upon the school year of the student if it is known, or some other information. The sum of these a priori likelihoods is equal to 1. They play no role in the final result of the assessment but may he helpful in shortening it. If no useful information is available, then all the states are assigned the same likelihood. The first problem p1 is chosen so as to be maximally informative (cf. the 'halfsplit questioning rule' in [2] p. 232). The student is then asked to solve an instance of that problem, also picked randomly. The student's answer is then checked by the system, and the likelihood of all the states are modified according to the following updating rule. If the student gave a correct answer to pl, the likelihoods of all the states containing p1 are increased and, correspondingly, the likelihoods of all the states not containing p1 are decreased (so that the overall likelihood, summed over all the states, remains equal to 1). A false response given by the student has the opposite effect: the likelihoods of all the states not containing p1 are increased, and that of the remaining states decreased. If the student does not know how to solve a problem, he or she can choose to answer "I don't know" instead of guessing. This r e sults in a substantial increase in the likelihood of the states not containing p1, thereby decreasing the total number of questions required to uncover the student's state. Problem p2 is then chosen by a mechanism identical to that used for selecting p1, and the likelihood values are increased or decreased according to the student's answer via the same updating rule. Further problems are dealt with similarly. In the course of the assessment, the likelihood of some states gradually increases. The assessment procedure stops when two criteria are fulfilled: (1) the entropy of the likelihood distribution, which measures the uncertainty of the assessment system regarding the student's state, reaches a critical low level, and (2) there is no longer any useful question to be asked (all the problems have either a very high or a very low probability of being responded to correctly). At that moment, a few likely states remain and the system selects the most likely one among them. Note that, because of the stochastic nature of the assessment procedure, the final state may very well contain a problem to which the student gave a false response. Such a response is thus regarded as due to a careless error. On the other hand, because all the problems have open-ended responses (no multiple choice), with a large number of possible solutions, the probability of lucky guesses is negligible. Typically, the assessment stops after 15-30 questions.
The assessment procedure described in this article is the core engine of an Internet based, automated mathematics tutor which is used in several hundred colleges and school districts in the US. Numerous data indicate that ,learning i s very efficient, which must be attributed to the precision of the assessment: teaching is always on target,, in the outer fringe of a student's state. In the US., the ,extensive research leading to this system bas been supported since 1983 by various grants, mostly from the National Suience:Fbu".
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